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B1RTRAMD CURVES 

Bertrand proposed the problem: To determine the curves 
whose principal normals are the prinolpal normals of another 
curve, if a curve fulfilling these conditions exists, It is 
Known as a Bertrand Curve. The relation is a reciprocal one, 
i.e., if one curve Is a Bertrand of a second, then the second is 
a Bertrand of the first. 

It is the purpose of this article to determine the condi- 
tion for the existence of a Bertrand Curve from two standpoints: 
First, with the curve given In terms of a parameter 

and referred to stationary axes; and, 
Second, with the curve referred to the moving trihe- 
dral; 
to show some examples of these curves; and, finally, to examine 
certain curves, defined In algebraic functions of a parameter, 
and find whether these curves satisfy the conditions for Ber- 
trand curves. 
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BERTRAM) CURVES 



FROM THE ORDINARY NOTIONS OP ANALYTIC GEOMETRY 



Let the ourve toe 
defined In terns of the 
are, a, measured from some 
point s (Fig. 1). Let 
the lines PT, FN, and PB 
he the tangent, normal, 
and blnormal, respectively, 
to at the point P(x, y, z). 

If the ourve C has 
a Bertrand Curve there 




Figure 1 



will be some point P» on PN at a distance K from P, which 
will be a point of the Bertrand Curve. If the direction co- 
sines of PN, with respect to the axes at 0, are t, m, and n, 
the coordinates of the point P' (£, t), £) will be £ a x + x£ t 
f) a y 4» Km, t • z + Kn. The direction cosines of the tangent 
to the ourve X at p» are 

*£» 4L . t, (x» + %V + £**)*§. , 



ds 



ds ds 



ds, 



similarly, where s x Is the arc of the ourve v , 



C 
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and 



|2L=* (y* + Km* + mK» )|2. , 



*L=« (z» ♦ Kn» f nK')^ » 
d», ds. 



The normal and tangent to the curve 1 at point P' are at 
right angles. 

Since the curves and C x have a common normal, the con- 
dition for a right angle la, 

lix* f r£« + £k» ) + m(y + Km« ■► mK» ) + n(z» + Kn« + nK» ) =» 0, 
or 

tx* + my' + nz« + zill* + mm 1 + nn 1 ) + K'(£» + m» + n») « 0. 

Since the normal and the tangent to are perpendicular 

£x» + my 1 + nz» ■ 0; 
Also hy differentiation of 

£» + ra» + n» =» 1, 
tt % + mm* + nn 1 =* o. 
Therefore K» 3 0. 

Consequently, X' Is a constant. 

It follows, therefore, that one condition for a Bertrand 
Curve Is that It must Intercept the normals of the given curve 
at a constant distance from the points of the curve. 

The direction cosines of the binomial to the curve G x at 
P» are proportional to (t|«$» - t}"?'), (?»£" - £T ), and 
(£tf)» - |"t]» ). By differentiation of the expressions for the 
direction ooslnes of the tangent to the curve 0i at P», keep- 
ing in mind that K is constant, and expressing the faot that 
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the tangent and binoxmal are perpendicular, the following Is 
obtained: 

£[(y'+ Km 1 )(*•+ Kn") - (y"+ Km")U»+ Kn» )] ♦ 
(l) m[(a»+ Kn')(x-+ k£») - («»+ Kn")(x»+ k£» )] + 

n[(x«+ ^' )(y"+ m" ) - U"+ k£» )(y*+ Km* )] - o. 
The substitution of the values obtained from the Frenet-Serret 
formulas, and from differentiation of these formulas, reduces 
(1) to the form 

0, 



(2)x 


T* pT* p 8 T» 


where 


1 and 1 

O T 



are the curvature and torsion, respectively, of the curve C 

at P. 

Equation (2) may be put In the form 

(3) id(l -£) - (1 -£) d(i). 

r p p t 

The solution of (3) gives 
(*) log A=* log (1 + JL) + C. 

T p 

Putting the constant as log o and on the left side of the 

equation, (4) reduces to 

(5) 0+ K - 1 

t p 

where o Is a constant of Integration. 

Equation (5) establishes the second neoessary condition 
for a Bertrand curve; If a curve has a Bert rand curve, there 

#•* 

xThe complete reduction of (1), which Is rather long, Is 
given as Appendix A to this artlole. 
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must be a linear relation between the curvature and torsion of 
the given curve. The general linear equation between — and — 

9 T P 

18 k. ♦ Jl a H4 

T P 

If 8ueh a relation can be established for a curve, e in (5) 
Is k. , and K la if, The problem of determining o and K 
Is thus the same as establishing a general linear relation where 
t 9 M, and N are constants. 



Digitized by 



Google 



Digitized by 



Google 



II 

THE IfOVIHO TRIHXBRAL 

If a curve la referred to the tangent, normal, and blnormal 
aa axes, the coordinates at a point so s are 

(1) x ■ a - -rrr a» + 



"Spr 



• • 



7 2P * p» 

z s 6pr •*♦••• * 

where — and — are the curvature and torsion at the point 
p T 

a s 9 and the unwritten terms are of the fourth or higher 
order in a. 

Aa the point from whloh a la measured la not determined, 
there may be a aet of axes for every point of the curve. In 
other words, a point moving along the ourve may be considered aa 
the intersection of three mutually perpendicular lines, whloh 
keep rotating ao aa always to coincide with the tangent, normal, 
and binomial of the given curve. The configuration, with the 
idea of motion in mind, 18 called the moving trihedral* 

lith reference to the trihedral at any point, the direction 
ooalnea of the tangent, normal, and blnormal have the values 

♦♦• 

1EISEHHART, Differential Oeometrv. p. 18. 



Digitized by 



Google 



(2) 



a- l f 


ro, 


r =• 0; 


I * 0, 


m » 1, 


n » 0; 


X- o, 


>* ■ Of 


» - 1. 



As the trihedral begins to move, the rates of change of these 
functions with respect to s are found from the Prenet formulas 
to be 

%->> ft 



If 
P 



41 

7W 



(3) 



ds - o w °» ds" " f 



d^ 

ds 



o, 



du » 1 
ds r 



* 



o. 





If P (x, y, z) and P x (x x , y lf s lf ) are two points on a 
curve, As the length of the 
arc PPi, the cosines of the 
angles between the two sets of 
axes may be found from (3). 
Tor example, the rate of change 
of a is 0, and froa (2) 
a * l . at P , then the co- 
sine of the angle between the / ^ Fioure Z. 
x and x x axes is 1 to within terms of an order higher than 
the first in As; then the cosine of the angle between the xi 

and the y axes is -i, to within higher powers of As. The 

P 

ooslnes of the other seven angles may be found in a like manner. 

Let P<J be a point whose coordinates with respect to the 
axes at P are |, r\ f £, and let P£ trace a curve 0» as 
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P describes the curve 0. It way happen that PJ will be 
fixed, relative to the moving trihedral, but ordinarily the 
change In the coordinates of P* will be due, not only to the 
motion of the trihedral, but also to the motion of P* relative 
to the trihedral, as P£ moves along C». 

From (1) the coordinates of P may be taken as As, o, 
0, neglecting terms of order higher than the first In As. The 
axes at P^ have been subject to a translation In the direction 
of the tangent, and to a rotation which can be measured, due to 
the fact that the direction cosines of the angles between the new 
and the old axes have been found. 

. If P» represents a point on the curve 0« corresponding 
to the point P x on the coordinates of the point P x , rela- 
tive to the axes at P and P x , may be written 

£ + A x £, n ♦ A X T), t + A x £, 
and 

f + A,e, t\ + a § t), t + A t r, 

In which A x Indicates variation of a function with respect to 
the axes at P , and A a variation relative to the moving trihe- 
dral. 

The application of the formulas for translation and rota- 
tion of axes gives 

£ ♦ Aif - As + (f ♦ A § f) - (fl ♦ A.ti)^ 8 - ' 

*) + Arf - " U + A t f)As ♦ (,, ♦ A 4 ii) + (r ♦ A,?)^, 

t A x r - (f| + A,u)Af + U ♦ A § f). 

These reduce to 
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LL = hi + i . a ± *•« 

As Ab p 

(5) ija^^jfl + ULijjL + £_+£tf 

fl» As p r 

Ajf » *•£ _ T) + jatj , 

As As T 

The limit as P x approaches p is 



(6) 



da ds * A p 
ds - ds + p * T 

at-dt ^ 

ds ds t ' 



where ft represents the ohange of a function with respeot to 
stationary axes, and d gives the ohange of the function rela- 
tive to the moving trihedral. 

If t denotes the distance between the two points P' and 

o 

PJ than t« » (J - f x )* * (n - n )» + (c - t )» and (6) gives 

(7)» £-&• 

If a, b, o denote the direction cosines of the line P£ 
P{ with respect to the axes at P , then 

£ x * e ♦ at, i\ i = f\ ♦ bt, f^f* ot. 
If £i» 1i» and £i ■•tief* (6) 

Sa _, da _ b 
ds ~* ds " p ' 

/-» 8b db a o 

* ' ds ds p r 

8o a do b 
"3s ds ~ T 

»Por complete reduction, see Appendix B. 
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If the line PJP« remains fixed In direction |§' ^ and £$ 
become zero, as there is no variation of the functions themselves 
hut only variation due to the motion of the trihedral. In this 
oase (3) reduces to 



(9) 



(|0) 



da a 
ds 


h 

P ' 






do 

"d8 = 


- 


*♦ 


?> 


do 
di" 5 " 


h 

T 






*i 


is 


fixed lx 


ds 


P " 


■ it 




£a=, 




. L 


♦£ 


ds 




P 


T 


ds 


at 

T 


• 
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III 

APPLICATION OF THE 1COVIHO TRIHEDRAL TO BERTRASD CURVES 

If the curve be referred to the moving trihedral as 
axes, the problem of finding the Bertrand ourves of C is de- 
texminlng the conditions under which the point Pi (0, K,0) 
will generate a curve whose normal will coincide with the normal 
of the curve 0; In other words, the two curves must have the 
same y axis when they are referred to the moving trihedral. 

Since the point P x remains on the y axis 

as there is no variation of x and z relative to the trihedral. 
And since P x tends to move at right angles to the y axis 

For these reasons the equations in (6) reduce to 

A* -1-JL, - 
ds p ' 

dK » n 
«=• » o, 

ds ' 

A£ - £ 
c» — T • 



From 

£ - 0, K= C, 

normal of the given 



(11 ) § - 0, K= C, 

that is, the Bertrand curve must out each 
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ourve at a constant distance from the corresponding point on the 
given ourve. D 

If a> is the angle be- 
tween the tangents at P and 

where z and x are co- 
ordinates of P lf or 




riQURC 2> 



tan a » T g - — — as —- • C 

* C 

since the two curves have the u 

sane y axis the x z planes are parallel. This relation is 

easily reduced to 

(12) Bin y _ oos a? a sin 6) 

O T K 

i 



Prom ^"A® ll^rf + jjis J [ds| 

where s 1 is the arc of the ourve X 




ds 



[_ p| t" 

r k v * 

I - tan wl + r 



K» 



slnsft) 



Therefore 



(13) 



& 8 i a + K 
ds 



r sin a) 



Since the figures have been drawn for a dextrorsum curve, 
that la to say, one In which a point moving along the ourve in 
the direction of increasing s passes from the negative to the 



i 
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positive side of the osculating plane, it must be assumed that 
f is negative. Consequently, the negative sign In (13) must 
he taken to make -gy 1 positive, and the two aros must be counted 
In the same sense if the normals are to oolnolde. 
The ourve C x (Pig. IV) 



at point P . 



will have a moving trihedral 

If it is a Ber- 
trand ourve of the y axes 
of the two trlhedrals will oo- 
lnolde. 

If a lf b lt o x repre- 
sent the direction ooslnes 



of a fixed line P X R with 
reference to the trihedral 



at P x they will satisfy (9), that is, 

da x a t^ 
dsx p x ' 




Fisuke 4* 



(1M-) 






dO; 

ds~ 



If a, b, o represent the direction ooslnes of the same 
line with respect to the trihedral at P 

a x a a cos « + o sin co 

bj= b , 

o « a sin w ♦ o cos w, 1 
where ft> is the angle between the x and x x axes. 
When these values are substituted in (1*0 
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1M- 



d(a oos g + o aln a>) _ b_ 
to dsi Pi 

d(a oos a> + o aln <d) . ds 3 jb 
ds d» i Pi - 

By (13) this reduces to 

£ 008 o> - a sin *^rc + £ sin » + oos «§£ » - rp x sin »' 

This may be grouped In the form 

(15) I22SJ* + JglflJi +_|_lb+ (0 oos o) - a sin w)Stt» 0. 

J_ p T TP x 8in «tfj ds 

In the save manner 

- a 0> 



(16) (X-B&JL + .22SLJI - JiSjfl a + F* 1 * w + 8in w + 00B » 



and 

( 



17) [Wp - ^ - ?T^GrJ|h ♦ (a oos « ♦ o sin «) £ - 0. 

Equalities (15)# (16) and (17) hold for every fixed line. 
They are therefore identities and consequently the coefficients 

of a, b, and o are zero. 

dw 
Prom ( 15 ) cos <w -— = , 

ds 

and dw 

sin w "Jb - 0. 

since sin » and oos 00 cannot both equal zero, 

<w> £-0. 

Therefore, 40 is constant. 
From (17) and (12) 

(19) TjT- E * 



sin»w 
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15 
From ( 16 ) 

( i> 0) «SSlm^S23lm + sinj^ 0# 
R T i K 

since by (13) v is constant, equation (12) is a linear 

relation between the curvature and toraion of the given curve. 

Equation (20) shows that a similar relation holds between the 

curvature and torsion of the Bertrand curve. Conversely, given 

a curve whose curvature and torsion satisfy the relation 

(21) A+ B 3 

P T ' 

by giving K the value $, and * the value tan -1 - 4 , the 
curve whose Intrinsic equations are found by substitution in 
(19). and (20) will satisfy the condition in (1H-) identically, 
and the point 0, K, will trace a Bertrand curve of 0. 
Equation (21) is therefore a sufficient oondition that a curve 
G should have a Bertrand Curve. The conclusion nay be drawn: 
A necessary and sufficient oondition that the normals of one 
curve be the normal of another is that a linear relation with 
constant coefficients exist between the curvature and torsion of 
the first ourve. 

It might be added that corresponding points on the two 
curves are a constant distance apart [from (11;!)], measured 
along the common normal; that the osculating planes out under a 
constant angle [from (l&)]; and that the torsions of the two 
curves have the same sign [from ( 19 )] . 
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IV 

EXAMPLES OF BERTRAHD CURVES 

It has been found that there must be a linear relation be- 
tween the curvature and torsion of a curve. If the given curve 
is to have a Bertrand ourve. 

If the relation is expressed 

A consideration of the equation will give some information 
In regard to special curves. 

By Section II, the distance between the two curves is given 
by K =* -$ , where A and have the values In (1). 
if = o, A ^ o, fi. « - A t i #e . f the ratio between 
the curvature and torsion is constant, and the ourve is a helix. 
If K - -g- = • , the Bertrand ourve is at Infinity. 

If A =» 0, -J- is constant, and K * ^ ■ 0. 
From this, if a curve has constant torsion the Bertrand ourve 
coincides with the given ourve. . 

If A = ^ 0, -aO, and the ourve is a plane curve. 

A 
K s -^ a -5- . K, being indeterminate, a plane ourve has an 

Infinite number of Bertrand curves - they are the curves parallel 

to the given curve. 

If p= a 9.i > T ss Q t ,in which q is oonstan^'^e applied- 
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tion of (80) on page 29 of Eisenhart's Differential Geometry 
gives 



q qi fv^q» + qt "I 
y a» - l » COSl 1 t 8 



q 8 s 



Vq« + q* 

i a 



This shows that the curve satisfying the condition 
q i T = q g is a circular helix. In this case 



P 



T and "f - C. 

T 



becomes A + JL a c, 



and 






A 

can be given any value. To each value of K corresponds a def- 
inite oiroular helix, having the same axis as the given helix. * 
As the normal to a circular helix is perpendicular to the axis 
of the cylinder upon whloh the helix is traced, each value of K 
gives a different radius for the cylinder upon which each Ber- 
trand curve Is traced. 

Where p and r are functions of a parameter there will 
be In general only one value of A, B, and G satisfying the 

relation a q 

p + t s °» 

consequently, a twisted curve outside of the special oases noted, 
will have only one Bertraid curve, If, indeed, it has any. 
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GLASSES OF CURVES HAVIKO HO BERTRAM) CURVES 



The final problem of this paper Is the Investigation of 
curves whose coordinates are given as Integral and rational alge- 
braic functions of a parameter. In this problem 7 and f 
must be of the same degree If they are to satisfy the relation 

and consequently — and ~~ a will be of the same degree If the 

P T 

given curves are to have Bertrand curves. 

First, let the curve be defined In functions of the same 
degree with the arc as the parameter. 

x a a s n + a x s n + a 8 s" . . . ^ 



y = b s n + bis 11 " 1 * bts 11 -* . . . bn 



- C s n + s n ~ 1 + Cts 11 " 8 ... C n 



Then 
(1) 



2 



1 _• _• _» 

— js x" + y" ♦ s" 

P 8 



«n-* 



•n- 8 



= n«(n-l)i(a$ + bg + cg)s 

♦ n(n-l)a(n-2)(a ai+ b bi+ C Ci)s 

+ + * ( a,^, ♦ b n _, ♦ Ojj^t ) 

The torsion Is given by the formula 



- = - pi 



x« 


y» 


X - 


V 


X"' 


y- 



2« 



z 



vi 
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Substituting the values of x« etcetera In the expression, 
one row of the determinant Is 

n . s^s 11 - 1 * (n-Uaxs 11 - 8 * (n-2)a»s n - 8 + . . . ♦ a n _i 
n(n-i)a o s n ~ , + (n-l)(n-2)a fp~*+ (n-2)(n-3)a s n ~ 4 + . . . + 2e^. 9 
n(n-l)(n-2)aoS n "*+ (n-l)(n-2)(n-3)a x s n - 4 + . . . + 68^, 

The other rows differ only by having a^ replaced by b^ 
and Oi respectively. 

This determinant can be reduced to one In which one row Is 

2(n-2)a t s n -* + . . . ♦ (n-lNn-^Jan-x 
(n-l)(n-2)a x s n "" 8 + . . . * 2(n-2)a n _, 
ntn-lKn^JaoS 1 *"** . . . ♦ 6a n __, 



by multiplying row one by (n-1), row two by s and subtracting, 
then row two by (n-2), row three by a and subtracting, and 
finally, row one by (n-2), row two by s and subtracting. 

The determinant just found can be broken up Into a number 
of determinants of which the one of highest degree In s Is 
2( n-2 )a t s»-* 2( n-2 )b a s n ~* 2( n-2 )0 t s n ~" 
( n-1 )( n-2 )a a*"* ( n-1 )( n-2 )b x s n -* ( n-l )( n-2 )C ^ 
n( n-l )( n-2 )a s n ~* n( n-1 )( n-2 )b B n ~* n( n-1 )( n-2 )C s n ~* 

Consequently, the determinant In ~ expands Into a poly- 
nomlal In s with the highest degree ( 3n - 9 ) , and jt may be 
written 



i-» 
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- R08 ♦ R18 + . . . + R n .i> 

Q o 8' n - ; Ql .« ♦ . . . + Q 4n _. 

and *-■=■ Is of the foim 

Sinoe — r- and •=- are of different degrees the given curve 

p f ■ 

has no Bertrand curve. 

Second, If the functions be of different degrees In s let 
then he arranged In the order 

x » a s n + a 1 8 rlr ~ x + a g s n ~ 8 + . . . + a , 

y - h^n- 1 * b r+x sn-r-l + . . . + b n , 

2 " Cr+q*^ 4 + m+1 ««M^- 1 + . . . + C n , 

~ may he found from the previous case hy substitution of zeros, 

P 

and because of the nature of the coefficients the degree of the 

expression will be unchanged and may be used as before, 

-i-. *■ a«a ,n "" 4 + o»B* n "" 8 + + a« 
-jt »4 b + vi x s + . . . + ** in _ 4 . 

Since the transformations of the determinant In ~ will 

T 

In general affect only the first column the final form will be 
a determinant In which the columns are, 
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*A x 8 n -% A,B»- 4 + . . . 



Ajy*- 8 * a;s»-S . . . 



A"s»-»+ A"sn-*+ . . . 



r*jfi*-* 








B_. ,« n - r - i + . . . 



T+l 



♦ B r+1 8 n ^ + 



+ B r+a 8 + . . • 



r+q r+q+x 








«► c« «n-q-r-» + 



r+q+» 



B n-r-q-«. 

» ▼ • • • 



The determinant of highest degree In a in this determ- 
inant Is 



Ax8 



n-» 



,«n-» 



A i8 



A's 1 *- 3 
l 



Br+is 



n-r-» 



B' 8 
r+x 



n-r-» 



O r+ qB 



n-p-q-x 



which Is of degree 3n - 6 - 2r - q. 

— a- Is consequently a fraotlon with the degree of the nu- 

T 

merator 6n - 12 - 4r - 2q and the degree of the denominator 
^n - 8. The ease where r = q = has been handled In the 



Digitized by 



Google 



22 



previous example, and since In this case r and q cannot both 



be equal to zero -1— and 



are of different degrees and conse- 



quently the curve has no Bertrand curve. 

Finally, If the curve be given In a parameter which Is not 

the arc the expressions for -~ and 1 must be taken 

K * a a a 



9 



T 



--% 



f i 


f 

a 


f ; 


*\ 


f ; 


f ; 


f"' 

1 


f»« 

3 


f"« 

3 



where 



x i 



- f, 



y - 

z - 



= f. = 



and 
Therefore 



» f, 



V 



a u n + a^*" 1 * 
b u n + bjU 11 " 1 + 
o u n ♦ C^* 1 " 1 + 



f*f" + f'f" •*• f'f* 
x ri 1 ri X » A 3 

f«* + f»* + f»* 



• • e 



♦ a. 



n 



. + b, 
. + C, 



n 



In this case 



1 
"p 1 



Is a fraction with the numerator of the 



degree 4n - 6 and the denominator of the degree 6n - 6. 



The 



determinant In 



by the previous method is of degree 3n - 9, 



win be a fraction with the numerator of the degree 



and 1 

T 

8n - 30 and the denominator of the degree 20n - 2*K As these 



expressions for 



and 1 are not of the same degree no 

T* 



linear relation exists between them and the given curve has no 
Bertrand curve. 

If x, y, and z are of different degrees with x of de- 

grw n, y of degree n - r, and z of degree ^-'Gfogle 



Digitized by 



Google 



23 

— i— will still be of the sane degree as previously, the determ- 

p * i 

inant in A oy the previous method is of degree 3n - 6 - 2r - a., 

and -=- has a numerator of the degree lSh - 24 - *** - 2a. and 
the denominator of the degree 20n - 2M-. As these expressions 
are not of the Bame degree, a final conclusion, that none of 
the curves under consideration have Bertrand curves, may he drawn. 
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(1) 



APPENDIX 

A 

PROM THE FRENET-SERRET PORMULAS 






(2) y » , 

Differentiation of (2) and substitution of values from Frenet- 
Serret formulas gives 



(3) 



Differentiation of (l) and substitution of values gives 



X" 


= 


L 

p 


t 


y" 


- 


& 
p 

n 


t 


z" 


23 


P 


• 
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<>o 



m m « 
n" « 



- XT' 



"m 


P" 
- pp« 


+ 


m 




"n 


P* 
- 7P' 


n 


T 8 

-ttH 

TB 




P» 



where the notation follows Elsenhart's Differential Geometry , 
page 17* Equation (1), page h, may he multiplied out and grouped 
in the form, 



+ K[£(n»x" 
+ £(m«z» 
+ K«[£(m'n 



• _ 



y»z' ) + m(z»x" 
n"x«) + «(«•£» 
m"8» ) + mfn'x* 
m"n* ) ♦ m(n'£" 



z"x* ) + nfx^y 1 * 
»«£•) ♦ n(x'm" 
n»x») + n(£'y" 
n"£») + n(£«m" 



x-y«) 
x»m« ) 

l*r ) ] 

£■»• ) ] 



o. 



Since the binomials in the first three terms are proportional to 
the direction cosines of the binormal and t, m, and n are the 
direction cosines of the normal; the first three terms are equal 
to zero, because normal and binormal are perpendicular. The 
remaining expression may be divided by K as K=f which re- 
sults In 

£(y»n" - y"n» ) + m(z*l" - z^« ) + n(x'm" - x"m« ) 
(5) «■ £(m'z" - m"z») ♦ m(n»x" - n"x« ) + n(£»y" - l*Y x ) 

+ K [£(m'n" - n'm") + m(n'£" - n"£« ) + n(^'m" - £*m» ) ] = o. 

The substitution of values found by (1), U), (3), (*0 *& (5) 
reduces ( 5 ) to 
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—^Ipv + nrx + ajin - rw£ - map - pn\) 

( 6 ) + -^-Alrp - £pv + mew - mr\ ♦ nfl\ - now ) 

+ 2S£l(£i>/9 - l\t,r + mvr - may + njro - nA£ ) = 0. 
p»T 

(6 ) nay be grouped 1a the form 

L-[l(pv-rv) ♦ m(rx - w) + n(dM - £\) ] 

T 

(7) + ^JT[c(ti*-/9p) + m(ov - r\) + n(j9* - op) ] 

+ KC!£(j9D- rn) + m(r\ - oi>) + n(a*i - /9*) ] = 0. 
p«T 

Slnoe £ ■ ri* - ^Wf m 3 (W- r*» n - /9X - op and 

£» + m> * n» ■ 1, (7) reduces to 



(s) - -l;* *zl ♦ m. « o. 

r pt" p*t 



Thi8 is equation (2) of I from which (5) Is obtained 
by Integration. 
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APPENDIX 

B 

If t« * (x - Xj)* + (y - y x )» + (z - Zj)*, 
then 
tj|= (x -x 1 )(« x -8^) + (y - yi )(« y - »M + <z - z 1 )(» ,! - ^i). 

By substitution of the values found In equation (6), 



♦ (1-1 )(£ - Z - {Si - 2i). 

ds t ds r 

Thla reduces to 



«-(«-^S-S)*iT-Mg-Ji)*(.-. l xj-{|i) 



that la; t81 - t-H 

ds ds 

or ds " ds 



If Xj = x + at 



and toy equation (6) 
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then 



4i - fi(x + at) _ 8x . tat 8t 
aS"^ — a§ — ^3a + lis + ICs 



by substitution of -fi*., 

ds' 

By substitution of (l) 

By differentiation of x a ■ x + at, 

to a a Ox . dt . «da 
cts" o5 + *ds + ^os • 

By substitution In (2) 

& ♦ <& ♦ *& + i - ji- ii ♦ i -x ♦ m* *tt 

dt _ at 

ds "* ds' 

Therefore tfe =» & ♦ t( ? - IlJ - tjj* - t£ , 

•^*» *» pr ds p • 

in the same way it nay be shown that 

.2* » 4* + a + o , 
ds ds p t 

and fi£ » do -b # 

ds ds r 
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If P is a point on 
the line no* the coordi- 
nates with respect to the 
axis at o* nay he written 



Xi = r a 



i» 




Figure 1. 



where a x , t> , and , 
are the dlreotion cosines 
of 110 • . 

Similarly with respect to the axes at o 

x * ra , 

y = rb + K, 

z ~ ro . 

The application of the formulas for translation and rota- 
tion of axes gives 

ra =» ra x oos w + ro x cos( 90 + w), 
rb + K s K + rbi f 

ro = ra oos(90 + w) + ro z oos w, 
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These reduoe to 

a ~ EjOoe a> - Q|8ln «>, 

b » b , 

e - a^ln 6) + OjOos ot>, 

Solving for a lt b x , © x , 

ai 3 a cos a) + o sin o>, 

b x =» b, 

o - a sin « + o 008 o>, 

These are the relations given on page 13. 



Digitized by 



Google 



Digitized by 



Google 



APPROVE) 






.^r. 




jg/.i./f/fi. 



Digitized by V^jOOQlC 



Digitized by 



Google 



Digitized by 



;Ie — 



Digitized by 



Google 



Digitized by 



>ogk 



Digitized by 



Google 



Digitized by 



Google ^ 



Digitized by 



Google 



Digitized by 



le- 



aioas«mi25 




B89085991926A 



* +. 



Digitized by 



Google 



